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Exponent Conversion PLy
N+l Shr(Shr(n)) Illl\ nﬂ-l a.n-'(2|) Shr(Shr(n)) N+l

shl(shl(n))

shl(shl(n))

shl(shl(n))

shi(shl(n))

Range Conversion

Id(n) (1||\ ] n)

id(n)

(2" uln)

(4™ ut-n)
shr(n)

shl(n)

id(n)




(') ——)

(x"')

(1')~(8') (1')~(8")

(1) (2') (1") (2")
/// \_\ // N
ar* un) " uln) a'un) a™um)

3') (4" (3" (4")
_____._/ \\\ ] \..\
ar™ u(-n) a™'u(-n) a™' u(-n) a™ u(-n)

(5') (6') (5") (6")
a™' u(-n-1) a™ u(-n-1) a"" u(-n-1) a™u(-n-1)
7" (8" (7") (8")
a™' u(n-1) a™'u(n-1) a"'un-1) a"-'u(n-1)

Conversion between X' and x"

shl(b") 4wy shr(b")

shr(b") 4 shl(b")




C.5 (X') wmmsdp (x')

(1')~(8) (1")~(8")

(1|) aﬂﬂu(n)z aﬂ'l U(ﬂ) (1”) (2:) a-n-lu(n)v}a-nﬂu(n) (2||)
(7" | @™ lin-1) amh(n-l) (7") (8" a‘"U(n-l)A}a'"[j(n-l) (8")

n+l

(5 |@ u(-n-1) [ a"i-n-1)[(3") (6') a'"a(-n-l)va'"ﬁ'(_n_l) (6")

(3") a™u(n) E— g™ un) |3 @) | @™un) A}a'""u(-n) 4

1y [[a™um a™ unany A atun a™ un|a
) [a™ ]\ [ l@™um|en @) @™ un) a™ un)|@)
) [@ ko AS U] ) [aTuen]| g™ uen |57

@ [g™m| K @ uen |4 ] @™hen) a™u(n) [(4)

(5|) aML'J(-n-l)lL/_\Aana(—n-l) (5|') (SI) a u(—n—l) ana(-n_l) (5||)

6) [aann] [\ @y O a e[ T gt )] )

7 [ o —— a®l |7 T [a™un-1) / \ a7

8" |a"lin-1) a’in-n|@  8)|aln 1 a6




Shifted Shifted

Sequence 1 x' Sequence 2 x"
(1) | a™un) a™ uln| 1 u(n-1) --> u(n)

(2" a"un) \\ // a™ umn)| 2" u(n-1) --> u(n)
3) [a™"un) \\\ /// a™un) | (37 u(-n-1) -> u(-n)
41 a™utn) auin) | (4 u(-n-1) -> u(-n)
(5 {a™-n-1) MN\ a"u(-n-1)| (5") u(-n) --> u(-n-1)
(6') a’"l]'(nl)/// \\i\\ al-n-1)| (68" u(-n) --> u(-n-1)
(7 [a™ln-1) /// \ a™ - (7 u(n) --> u(n-1)
8) [a™tn1) a’liin-)| (8" u(n) --> u(n-1)




Shifting Shifted Sequence 1

n+l

-n-{

()| a™ uln) X a un)f (1" (2) 0.:" U(H)X a uln) (2"
N lauin-1) a™to-l ) ®)| & uln-1) atin-l (s
G)|a"utn i< a e[ (5) (6)|duen-1) A & 1) (6
3 am uen == a™uen) | (31 @ a™un) =2 a™un) | (4
b=a =a"

B Shifting Shifted Sequence 2

(1)| @™ uln) ~_ a™ un|am ) a™ un) ~ a™ uin)[(2")
(7) a"u(n-l)A a"‘h(n_l) (7'") (8) a'nu(n-l)A a’"[}(n_l) (8")
5){amun-1) atin-1)|G" 6)|a™un-1) a’l-n-1)|(6")
3) a" u(-n)Xa"*‘u(-m (3") (4)|a™ u(-n) Xa‘""m-m (4")

a




A Shifting Shifted Sequence 1 B Shifting Shifted Sequence 2
(1) Exponent Shifting (1) Exponent Shifting
(2) Range Shifting (2) Range Shifting

bn u(n) X bnﬂU(n) (192" (1)/(2) bn u(n) X bn-‘ u(n) (1'")/(2")
b u(n-1) B Ln-1)| 78 @) grun-1) b un-1)| 78"

b"u(-n—l)-v bn.’lfl(—n'l) (5/(6")  (5)/(6) b"u(_n_]_)v b'"'u(_n_l) (5")/(6")

b u(-n) e " 'u(n) | G4 cra| B uen e g [ e

b=a/a" b=a/a"
(1) (1)
(2) (2)
bn & bn+ 1 bn & bn —1
n 2) h—1 LN (2) n+1
[ A— b dwmm) D
N (3) . . S (3) : \
R(n) 4w R(n—1) R(n) 4wy Rin—1)
Exponent Shifting Exponent Shifting
bn bsh(nl b" bsh(n] o
4" q™ shl(b") — q q" shr(b") —
a" a"" shr(d") & a™" shi(b")  —
a’ a "™ shl(b") a’ a "t shr(d)
a" a "V shr(b") a’ a "’ shl(b") -
Range Shifting Range Shifting
R(n) R(sh(n)) R(n) R(sh(n))
u(n) u(n—1) shr(R(n)) u(n) u(n—1) shr(R(n))




A Shifting Shifted Sequence 1

B Shifting Shifted Sequence 2

w@| B uln) ™| @y | b uin) ~_— b~ u(n) |1
@ g uln-1) > B (| e e | un-1) fE—— b" u(n-1)|7s")
G1E| pu n-1) [ <> 5‘{3( n- 1) (5)/6') (5)(6) | P ul( n-1)? b u(-n-1)fs/6
Gra)| B u(-n) e oy ] ey G | BT uln) e b u(-n) s
b=a/a" b=a/a"
W aruin | a“un 1) @fatun | Lam umjan
\
) a™ un) k\ / a™uin) |2 2)a™ un) ‘\ /ll a™ un)|(2")
\ 7/ /-
0 ) \\W s ) ) \\ W /e
A\\V/4 N/ —
(4)| @™ u(-n) \ A a™lin) (4') (D a™ u(-n) \ /a'" u(-n) [(4")
G)lau-n-1nY \a"ﬁ( 1|(5") 5)|aru(-n-1)f Na tonn|G")
/]\ //\ ”
G)la u(-n-1) /// \\\ a-n-1)|6") (6)] @u( n-l)/// \\\ al(-n-1)|®")
/] \\ [\
Mlarvonf [ \Ta™ 0] daruen]] a7
[ /
@) a” (n—1)|’ \|a"U(n 1)1(8" B)|a un-1) Va™in-1)|8"




A Shifting toShifted Sequence 1 Unshifted - Shifted
Sequence x Sequence 1 X'

(1) (1Y) (2Y)
7 Y (7" Y (8
(5) 54 (6) (64
(3).&(3') (4) >< 4"
| 2" 1 n n+t 1 on#
Sny (W] a™un) a uln) (1Y) 2 &)
2’" . / -n-l ’ 1 -n-1
_ |3 @lamuw \\\\ /// a™un]@) [ es 2
PL (3)|a" u(-n) a"u-n) (3" 05 | e
- TosE () \\\ / s | 2
| . 2-n (4) a-n U('n) a.m'u(-n) (4I) 2 - 2-n4
Y ML (V0 7 A 2 )
0.5¢" %?—n-'l) 5)|a"u(-n-1) %\ a'"d( n-1) (5') z on#
m AY 7 \ e';E u‘_n_lj
2N -n - -n-1 6' -n-1
i o/ [ \\ED [,
|20 (D|a"uin) a™un-1) (7 & |gnm
& 1 (nD) // \\ =28& Jutn-D)
osg |20 (8) a-nu(n_1)~ a.nﬂ(n 1) (8") 2 -
—-o.52 u(n-1) b=0.58 | (-1




Shifting to Shifted Sequence 2

Unshifted

—)

Shifted

Sequence 2 X"

Sequence x
(1) (1) 2) 2"
(7) X (7") (8) (8")
(5) (5") (6) (6")
(3) (3") (4) (4")
2" n n-1 0 2%
L | &in) (1| a™ uln) // a™ un|am) T o
2.0 -n N+ 1 2°"
e-:»s% u(n) (2) a™ utn \\ //a Lutm (2% I %z
\\ // o
_ I 2’n ‘ 3)|la u(-n) \\ / Va u(-n) |(3") |-n.zg on
1-05€ u(-n) \ u(-n)
_L_ |2 (D@ uCn) aun) [(47) o
=28 |(y(-n) \ =22 u(=n)
E N Ty P U T P
2" 6 -n ' / \ \\ n+l 6"
2l u(-n-1) o)ja u(-n-l)//// \\\\ a’it-n-)|©" !3.?'2 € i(nr’;l)
28 2" (7) a"u(n—l) a"'" 1 (7'") 22 N
2% G(A=T) / \\ u(n-1) 1-28 4T
ose (20 (8)|A"u(n-1) a8 osg (2"
~|-ost u(n-1) u : |-0.5% u(n-1)




C Shifting from Shifted Sequence 1 gz;f]t_e:- > gz;ftze‘:("
to Shifted Sequence 2
(1) < (1) (2') < (2"
(7')>Z (7") (8L (8")
(5" > (5") (6') <— (6")
(3925 (31 (a2 (am)
|3_li uz(r:) (1) an-uu(n) \ / al‘l'l u(n)(a) %:F 2"n-
!-o.:—% L%(.n.) 2 a™tun \\\ /// a™ un)|2") ’ . |2
e @) aTuN /e (3| e o
u(-n) W — lu(-n)
2|2 (4 g ™U(-n) aun) |(4") s |2
“1u-n) —** Tu-n)
Fy 206! (5|) aﬂ'tl( n-l) ana(_n_l) (5||) oS & 2"_'
— i u(-n-1) / \ \\ -o5 u(-n-1)"
2-n-l . ~n=1 N+l ' -n+
=_§€" u(-n-1) ol U(-n-l)//// \ \ e o !35; WZ_ -
|-§§ 2,"-'1\ (7°) an-h(n 1) / \ amtj (n-1) (7") |3_§§ 2"
u(n=1) = u(n-1)
_&_ |2 (g atin) SR (G osg_ [2-
o8 g1 (8 D =882 (n-1)
shl (b")| 4sss shr(b") (1) (n+1)\_ (1) (n-1)
shr (b") ¢y shl (") (3 thay NS 5
(4') -(n-1) ).( (4") -(n+1)
(6') - n+1) (6") -(n-1)
(7" (n-1) 7~ 7") (n+1)
(8" -(n-1) \ (8") -(n+1)




Inter-permutation (x) =msp (Xx')
A Shifting Shifted Sequence 1 (1)~(8) (1')~(8")
(1) (1) (2) (2')
" ons -n 2°n=
| o3 | Uln) =% |uln) = “2(n) Toase_| u(n)
.2§ 2n . § on- 0.52 2-n . 2 _ -n#
=22 u(n-1) =28 1 (h-1) =052 |, (h-1) "%t lu(n-1)
(5) (5" (6) (6")
2" N+ 2.0 2."-'
%‘ u(-n-1) %{r 3(—n-1) i%"L u(=n-1) |-_§g" u(-n-1)
| 2n 0§ n-t | 2-n i‘z‘ 2-n
1-osE [u(n) e =28 () s [V 0
(1) (19 (2) (2%
(7) >Z (7Y (8) >< (84
(5) <=— (59 (6) (6")
(3) 2 (3 (4)-2 (4

(1)] @” uln) a™uin)| (1Y ) a™ un) aun)| (2"
@t un-1) a7 @@ 2700 @)

(5)|a"u(-n-1) a™tn1| ) (6)|a u(-n-1) a"ln-1)| (6"
(3)| @ ul-n) a™'un|3) @a”uen) X g™ |49




Inter-permutation

(x)

e

(x"')

B Shifting Shifted Sequence 2 (1)~(8) (1")~(8")
(1) (1") (2) (2")
| 2" 0.5 20-| | -N 1 2-04!
B Y 3 u(n) T-2g luln) ~osz | W) 1 u(n)
(7) N: (8) ")
22 on 22 ons o5z | " 052 2-"!
2@, (n-1) =28 ) o Tu(n-1) oSt Iu(n-1)
(5) (5") (6) (6")
20 n-t -n 2-00:
% u(-n-1) % j(-n-l) |%2 l?.('n'-l) H%u(—n—l—L' =
(3) M: 4 J
e kol i ol L_ |20 os_ |2
- at-n) FesE Tu(n) . [V C0)) 2 Tuen)
(1) *) (2) 2
12 (7 B8
(53) ~<— (5") (6) ~— (6")
(3)A ") (4)A(4")
(L)| @™ uln) a™ un)f @) 2)l a™ uln) a™ umn) | 2"
(M| auin-1) a7 @) auin a8
(5)]@"u(-n-1) a"lien-y)| 5" ®)a"un-1) =& Uln-1)| (6)
(3)[a" utn a™un |3 @fa"uen) lE= g™ ) (47




Decomposing Shift Operations

(.exponent shift, identity )

' ) | ( identity, (range shift))

x (‘'exponent shift,(range s@f?}

= ( exponent shift, identity )

+ ( identity, (range shifp)

N X
= =




A Shifting Shifted Sequence 1 ITting Shifted Sequence 2

(2) Range Shifting (2) Range Shifting

(SR, _id) + (_id, SR) = (SR, SR) (SR, _id) + (_id, SL) = (SR, SL)

’ ’ - ’ ’ » - ’




Shifting Shifted Sequence 1
(1) Exponent Shifting

. (2) Range Shifting

(SR, id) or (SL, id)
(id, SR) or (id, SL)

Exponent Shifts : (SR, id) or (SL, id)

1)) a” = at |1 @2)]a” —ar att (@)
(7| a” e g™ (7)) (8| & ool g™ (8"
(5) an nfLrH-l: an-l'l (5|) (6) a-n nan_'_l' 0 (6,)
3| a" et gt 3)  @)|a" ol g™ (4")
Range Shifts : (id, SR) or (id, SL)
(1) u(n) u(n)f (1Y) (2) u(n) u(n) | (2"
"SR SR | "SR SR
(7)]  u(n-1) u(n-1)| (7 (8) u(n-1) u(n-1)| (8")
nenl nen-l nen-l ne<n-1
(5) u(-n-1) u(-n-1)| (3") 6)| u(-n-1) u(-n-1)] (6")
SR SR -SR— SR
(3) u(-n) u(-n) | (3") (4) u(-n) u(-n) [(4')
nen-l ne«n-1 ne<n-l nen-1
Exponent & Range Permutations
(1)| @™ uln) }Z/ a™'uin| (1" (2) a U(n)hvj a " un) | (2"
Nl arun1) a7 (®) D= a1 | (8Y)
(5)|@"u(-n ivia"*d( ) (57 6)a u( n-1) (-n- 1) (6')
3)a" n)F@ “uen |3 4a a™uen) | (4)
Decomposition
(EP, RP) = (EP, id) + (id, RP)

EP : Exponent Permuations

RP : Range Permutations




(2) Range Shifting

Shifting Shifted Sequence 2
(1) Exponent Shifting, Flipping (SR, id) or (SL, id)

(id, SR) or (id, SL)

Exponent Shifts : (SR, id) or (SL, id)

Mla" el g™ | @)]a” rla™ @)
) an n;—ln+1: an-ﬂ (7") (8) a’" n;Ln+1 a—n-l (8")
5)|a" = a™ |6 (e|a” Sl g™ |
n nen+l n+l . -N ne<n+l -n-| 1
(3)| a —= a (31 4)]a e (4")
Range Shifts : (id, SR) or (id, SL)
(1) u(n) u(n)] (1) (2) u(n) u(n) | (2")
SR SR 0 SR—SR|
(7) U(n-l) u(n_l) (7 ) (8) U(n'l) u(n_l) (8”)
nenl nen-l nenl nen-l
(3)  u(-n-1) u(-n-1)[ (5") (6)[ u(-n-1) u(-n-1)| (6")
—SR— SR SL——5R
(3) u(-n) u-n) [ (3")  (4) u(-n) u(-n) [(4")
nenl nen-l nenl nen-l
Exponent & Range Permutations
(1) a" u(n) an-l u(n) (1“) (2) a-n U(ﬂ)hv‘ a-n-u u(n) (2“)
Matun == g™ )| (7 @) a un )N a1 (87
(5){a"u(-n-1) a"l-n-1)| (5" (6)|a™u(-n-1) al-n-1)| (6")
(3)| a™ u(-n) a™ u-n)| (3" (4)[a™ u(-n) aun) [ (4"
Decomposition

(EP, RP) = (EP, id) + (id, RP)

EP : Exponent Permuations

RP : Range Permutations




Shifting Shifted Sequence 1
(1) Exponent Shifting

. (2) Range Shifting

(SR, id) + (id, SR) = (SR, SR)
(SL, id) + (id, SL) = (SL, SL)

M) a” v = a™un|1) @) a" un) o @™ un)| (2"
(7) a"u(n-l)FQ* a1 (7) (8) a:"u(n-l)FA' a"tn-1)] (8"
(5)[@™u(-n-1) a™l-n-1)| (5" (6)|@"u(-n-1) == &"(-n-1)] (6"
(3)| a” utn) a"'un| 3 @]a uen) e g™ |49
X (1) X' Exponent Range
< a — S|
~ | G e SR SR
= | SR
y (2) Y, nenl nen-l
B/ Shifting Shifted Sequence 2 (SR, id) + (id, SL) = (SR, SL)
14 I I 14 = 14
(2) Range Shifting
(L] a™ utn a”un (1) @)[a™ un| a™un)| (2"
(7] a™un-1) a™on|7 @ atun- a’lin-1)| (8")
5)au(-n-1) a"lin|6")  (O)|auen-1) an-1) (6")
(3)] a” ui-n) a™un) | (3") (Da™ u(-n) auen)| (4"
X (1) X" Exponent Range
Q 2
of e o o "
v » oL =het
Y (2) Y“ n<n-1 n




Shifting Shifted Sequence 1
(1) Exponent Shifting

~(2) Range Shifting

(SR, id) + (id, SR) = (SR, SR)
(SL, id) + (id, SL) = (SL, SL)

(L) a™ uln) ~—— a™un)| (1Y) 2) | a™ uln) fae——r atumn) |29
(Nl a™un-1) =~ a™on-(7) (8) a'nu(n—l).A a -1l (8"
B)|a"u-n-1)<—=1a"l(-n-1)| 5") (6)|a"u(-n-1) X a"i(-n-1)| (6
3)| ar uen) == a"u-n) [ (3" (4)[{a™ u(-n) a"un) (4
X (1) Exponent Range
_(3# o ——e——i
~N (3) 1 SR SR
N2 N —Ts SR )
Y (2) Y' nenl nen-l
/
W i SR)? - (SR, id) shift right exponent
V//// N ! (id, SR) shift right range
o (SR, SR)
(SL, id)
B 0 > ’ / (SL, id) shift left exponent
k ) d VW (id, SL) shift left range

(SL, SL)

(SR, id) + (id, SR) = (SR, SR)

(SL, id) + (id, SL) = (SL, SL)




B Shifting Shifted Sequence 2 ] ]
(1) Exponent Shifting - (SR, id) + (id, SL) = (SR, SL)
(2) Range Shifting (SL, id) + (id, SR) = (SL, SR)

n-1l =N+l

(L)] @™ u(n) X a un) (@1 (2) a:" u(n) ,re—— a un)| (2"
(7)]a™u(n-1) a7 @) | a"uin-1) e a1 | (8

(5)]@ u(-n-1) <=1a l(-n-1)|(5") (6)|a"u(-n-1) X alin-1) (6"
(3)] a” U('n)Aa"“u(-n) (3") (D |a™ ul-n) a " uin) | (4"
X (1) X" Exponent Range
Q - <R
(E)‘¢ TS \(3) nenty SR SR
Y (2) ;" nenl nen-l

Wr—f (SL, id) shift right exponent
/L (id, SR) <

(/ /% \ | ! (id, SR) shift right range
(SL, id) (SL, SR)
(SR, id)
/A < /// (SR, id) shift left exponent
fidrst < L /L,/n (id, SL) shift left range
d '
(SR, SL)

(SL, i_d) + (i_d, SR) = (SL, SR)







A Shifting Shifted Sequence 1

Butterfly Relations |, ., ifted Shifted
Sequence x Sequence 1 X'
X (1) X' Exponent Range
— S|
(3) (3) et SR SR
Ln-l) SR ¥ L
Y (2) Yl nen-l nen-1
(*) unit
qfarfing

C.R.
starting

(*) C.R. (*) C.R.
starting starting
(51 *a<—‘§l m {5,1 (6} /a « (S| Igi
l7=41f' 1\ /Z=41n- 1\
(oL, SL) ! ~\OL, 5L)
L 2 ¢
unit *2 = (SR, SR) unit *Z = (SR, SR)
starting starting

(SR, id) a4—(SR,id)




_ A Shifting Shifted Sequence 1
Butterfly Relations . ifted ) Shifted
Sequence x Sequence 1 X'
X (1) X' ~ Exponent @ Range
(3) (3) nen+l SL f
nenl 1SR SR
Y (2) Yl nenl nen-l1
: ] : (SR, 1d) (SL, id) [§| ,] (SR, id) (SL, id)
(id, SL) (SL2, SL) (id, SL) (SL2, SL)
(id, SR) (SR2, SR) (id, SR) (SR2, SR)
(SL, id) (SR, id) (SL, id) (SR, id) SR
(SR, id) (SL, id) (SR, id) (SL, id)
(id, SL) (SL2, SL) (id, SL) (SL2, SL)
(id, SR) (SR2, SR) (id, SR) (SR2, SR)
ﬁf@‘(ﬁﬁwﬁﬁ@ﬁﬁm
(SL,id) (SR, id) (SL,id) (SR,id)




. A Shifti i
Decomposition of ifting Shifted Sequence 1

Exp and Rhg Shifts (1) geonaced mmmp onired el x

(id, SR) + (SR, id) = (SR, SR)

Exponent Range

— S|

N—<«—pn-+1
7 ATt

|
SR SR
n < n-1

SR y

nenl nen-l1

(id, SR) 4 (id, SR) Q
| *z= (SR, SR) \ *z= (SR, SR)

/a = (SR, id) *a = (SR, i




Decomposition of A Shifting Shifted Sequence 1
Exp and Rng Shifts (2) Unshifted Shifted

Sequence x Sequence 1 X'

(id, SL) + (SL, id) = (SL, SL)

Exponent Range

e— S |

n-—-n+1
A At

SR SR

n < n-1
= . 2

nenl nen-l1

/a «(SL, id)

(5) *a<—(SL.id)i (5.} /a « (SL, id)

[z = ASL, SL) /z <= ASL, SL)
(id, SL) (id, SL)

o d

y 4

:
%
:
=




Decomposition of A Shifting Shifted Sequence 1
Exp and Rng Shifts (3) Unshifted Shifted

Sequence x Sequence 1 X'

(SR, id) + (id, SR) + (SR, id) = (SR2, SR)

X (1) ' Exponent Range
A+ SL i
(3) (3) neni 1SR SR
2 SR
Y (2) Yl ne<n-l ne«<n-l

(id, SR) (SR2, SR) (id, SR) (SR2, SR)
ﬂﬁﬁ‘fﬁmﬁﬁfﬁ%
(CD HP= AY (CD HPRAY SR
(oK, 1a) (oK, 1a)
(SR, id) (SR, id)










