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(4')  u(-n)
(5')  u(-n-1)
(6')  u(-n-1)
(7')  u(n─1)
(8')  u(n-1)

(x')             (x'')
(1')~(8')               (1'')~(8'')

Diagonal Range  Conversion

Horizontal Range Conversion 

(1')

(3')

(5')

(7')

u(-n-1)

u(n-1)

u(n)

u(-n)

(1'')

(3'')

(5'')

(7'')

u(-n-1)

u(n-1)

u(n)

u(-n)

(6'')

(8'')

(2'')

(4'')

u(-n-1) (6')

u(n-1) (8')

u(n) (2')

u(-n) (4')

u(-n-1)

u(n-1)

u(n)

u(-n)

(1'')  u(n)
(2'')  u(n)
(3'')  u(-n)
(4'')  u(-n)
(5'')  u(-n-1)
(6'')  u(-n-1)
(7'')  u(n─1)
(8'')  u(n-1)

(1')  u(n)
(2')  u(n)
(3')  u(-n)
(4')  u(-n)
(5')  u(-n-1)
(6')  u(-n-1)
(7')  u(n─1)
(8')  u(n-1)

(1'')  u(n)
(2'')  u(n)
(3'')  u(-n)
(4'')  u(-n)
(5'')  u(-n-1)
(6'')  u(-n-1)
(7'')  u(n─1)
(8'')  u(n-1)

id(n)
id(n)
id(n)
id(n)
id(n)
id(n)
id(n)
id(n)

shl(n)
shl(n)
shr(n)
shr(n)
shl(n)
shl(n)
shr(n)
shr(n)

C.2



(1')

(3')

(5')

(7')

(1'')

(3'')

(5'')

(7'')

(6')

(8')

(2')

(4')

(6'')

(8'')

(2'')

(4'')

(1')

(3')

(5')

(7')

(1'')

(3'')

(5'')

(7'')

(6')

(8')

(2')

(4')

(6'')

(8'')

(2'')

(4'')

shr(shr(n)) shr(shr(n))

shr(shr(n)) shr(shr(n))

shl(shl(n)) shl(shl(n))

shl(shl(n)) shl(shl(n))

id(n)
id(n)

id(n)
id(n)

id(n)
id(n)

id(n)
id(n)

id(n)

id(n)

id(n)

id(n)

id(n)

id(n)

id(n)

id(n)

shl(n) shl(n)

shr(n) shr(n)

shl(n) shl(n)

shr(n) shr(n)

(x')             (x'')
(1')~(8')               (1'')~(8'')

Exponent Conversion 

Range Conversion 

u(-n-1)

u(n-1)

u(n)

u(-n)

u(-n-1)

u(n-1)

u(n)

u(-n)

u(-n-1)

u(n-1)

u(n)

u(-n)

u(-n-1)

u(n-1)

u(n)

u(-n)

C.3



(1'') 

(7'') 

(4'') (3'') 

(8'') 

(5'') 

(2'') 

(6'') 

u(n)

u(-n) u(-n)

u(n-1)

u(-n-1)

u(n-1)

u(n)

u(-n-1)

(1') 

(7') 

(4') (3') 

(8') 

(5') 

u(n)

u(-n) u(-n)

u(n-1)

u(-n-1)

u(n-1)

(2') 

u(n)

(6') 

u(-n-1)

(x')             (x'')
(1')~(8')               (1'')~(8'')

Conversion between x' and x''

C.4



(x')             (x'')
(1')~(8')               (1'')~(8'')

C.5

(1'') (2'')

(3'') (4'')

(5'') (6'')

(7'') (8'')

(1'')

(2'')

(3'')

(4'')

(5'')

(6'')

(7'')

(8'')

(1'')

(2'')

(3'')

(4'')

(5'')

(6'')

(7'')

(8'')

u(-n-1)

u(n-1)

u(-n-1)

u(n-1)

u(n)

u(-n)

u(n)

u(-n)

u(-n-1)

u(n-1)

u(-n-1)

u(n-1)

u(n)

u(-n)

u(n)

u(-n)

u(-n-1)

u(n-1)

u(n)

u(-n)

u(-n-1)

u(n-1)

u(n)

u(-n)

u(n)(1')

u(n)(2')

u(-n)(3')

u(-n)(4')

u(-n-1)(5')

u(-n-1)(6')

u(n-1)(7')

u(n-1)(8')

u(-n-1)

u(n-1)

(5')

(7')

u(n)

u(-n)

(1')

(3')

u(n)(1')

u(n)(2')

u(-n)(3')

u(-n)(4')

u(-n-1)(5')

u(-n-1)(6')

u(n-1)(7')

u(n-1)(8')

u(-n-1)(6')

u(n-1)(8')

u(n)(2')

u(-n)(4')



u(n)(1')

u(n)(2')

u(-n)(3')

u(-n)(4')

u(-n-1)(5')

u(-n-1)(6')

u(n-1)(7')

u(n-1)(8')

Shifted 
Sequence 1 x'

(1'')

(2'')

(3'')

(4'')

(5'')

(6'')

(7'')

(8'')

u(-n-1)

u(n-1)

u(-n-1)

u(n-1)

u(n)

u(-n)

u(n)

u(-n)

u(-n) --> u(-n-1)

u(n) --> u(n-1)

u(-n) --> u(-n-1)

u(n) --> u(n-1)

u(n-1) --> u(n)

u(-n-1) -> u(-n)

u(n-1) --> u(n)

u(-n-1) -> u(-n)

Shifted 
Sequence 2 x''



u(-n-1)

u(n-1)

u(-n-1)(5)

(7)

(6)

u(n-1)(8)

u(n)

u(-n)

u(n)(1)

(3)

(2)

u(-n)(4)

u(-n-1)

u(n-1)

u(-n-1)(5')

(7')

(6')

u(n-1) (8')

u(n)

u(-n)

u(n)(1')

(3')

(2')

u(-n) (4')

u(-n-1)

u(n-1)

u(-n-1)(5)

(7)

(6)

u(n-1)(8)

u(n)

u(-n)

u(n)(1)

(3)

(2)

u(-n)(4)

(1'') (2'')

(3'') (4'')

(5'') (6'')

(7'') (8'')

A Shifting

B Shifting

Shifted Sequence 1

Shifted Sequence 2

u(-n-1)

u(n-1)

u(-n-1)

u(n-1)

u(n)

u(-n)

u(n)

u(-n)



A Shifting
(1) Exponent Shifting
(2) Range Shifting

B Shifting
(1) Exponent Shifting
(2) Range Shifting

(1)

(2)

(3) (3)

(1)

(2)

(3) (3)

(1)

(2)

(3)

(1)

(2)

(3)

u(-n-1)

u(n-1)

(5)/(6)

(7)/(8)

u(n)

u(-n)

(1)/(2)

(3)/(4)

u(-n-1)

u(n-1)

(5')/(6')

(7')/(8')

u(n)

u(-n)

(1')/(2')

(3')/(4')

u(-n-1)

u(n-1)

(5)/(6)

(7)/(8)

u(n)

u(-n)

(1)/(2)

(3)/(4)

u(-n-1)

u(n-1)

(5'')/(6'')

(7'')/(8'')

u(n)

u(-n)

(1'')/(2'')

(3'')/(4'')

Shifted Sequence 1 Shifted Sequence 2

Exponent Shifting Exponent Shifting

Range Shifting Range Shifting



u(n)(1)

u(n)(2)

u(-n)(3)

u(-n)(4)

u(-n-1)(5)

u(-n-1)(6)

u(n-1)(7)

u(n-1)(8)

u(n) (1')

u(n) (2')

u(-n) (3')

u(-n) (4')

u(-n-1) (5')

u(-n-1) (6')

u(n-1) (7')

u(n-1) (8')

u(-n-1)

u(n-1)

(5)/(6)

(7)/(8)

u(n)

u(-n)

(1)/(2)

(3)/(4)

u(-n-1)

u(n-1)

(5')/(6')

(7')/(8')

u(n)

u(-n)

(1')/(2')

(3')/(4')

(5)/(6)

(7)/(8)

(1)/(2)

(3)/(4)

(5'')/(6'')

(7'')/(8'')

(1'')/(2'')

(3'')/(4'')

u(n)(1)

u(n)(2)

u(-n)(3)

u(-n)(4)

u(-n-1)(5)

u(-n-1)(6)

u(n-1)(7)

u(n-1)(8)

(1'')

(2'')

(3'')

(4'')

(5'')

(6'')

(7'')

(8'')

A Shifting B ShiftingShifted Sequence 1 Shifted Sequence 2

u(-n-1)

u(n-1)

u(n)

u(-n)

u(-n-1)

u(n-1)

u(n)

u(-n)

u(-n-1)

u(n-1)

u(-n-1)

u(n-1)

u(n)

u(-n)

u(n)

u(-n)



u(n)

u(n)

u(n-1)

u(-n)

u(n)

u(n)

u(n-1)

u(-n)

u(n-1)

u(-n)

u(n-1)

u(-n)

u(-n-1)

u(-n-1)

u(-n-1)

u(-n-1)

u(n)(1)

u(n)(2)

u(-n)(3)

u(-n)(4)

u(-n-1)(5)

u(-n-1)(6)

u(n-1)(7)

u(n-1)(8)

u(n) (1')

u(n) (2')

u(-n) (3')

u(-n) (4')

u(-n-1) (5')

u(-n-1) (6')

u(n-1) (7')

u(n-1) (8')

Unshifted 
Sequence

Shifted 
Sequence 1x x'

(1) (2)

(5) (6)

(7) (8)

(3) (4)

(1')

(5')

(7')

(3')

(2')

(6')

(8')

(4')

A Shifting toShifted Sequence 1



u(n)(1)

u(n)(2)

u(-n)(3)

u(-n)(4)

u(-n-1)(5)

u(-n-1)(6)

u(n-1)(7)

u(n-1)(8)

(1'')

(2'')

(3'')

(4'')

(5'')

(6'')

(7'')

(8'')

u(n)

u(n)

u(n-1)

u(-n)

u(n-1)

u(-n)

u(-n-1)

u(-n-1)

 

(1)

(5)

(7)

(3)

(1'')

(5'')

(7'')

(3'')

(2)

(6)

(8)

(4)

(2'')

(6'')

(8'')

(4'')

Unshifted 
Sequence

Shifted 
Sequence 2x x''

B Shifting toShifted Sequence 2

u(-n-1)

u(n-1)

u(-n-1)

u(n-1)

u(n)

u(-n)

u(n)

u(-n)

u(n)

u(n-1)

u(-n)

u(-n-1)

u(n)

u(n-1)

u(-n)

u(-n-1)



(1'')

(2'')

(3'')

(4'')

(5'')

(6'')

(7'')

(8'')

Shifted 
Seq1

Shifted 
Seq 2x' x''

u(-n-1)

u(n-1)

u(-n-1)

u(n-1)

u(n)

u(-n)

u(n)

u(-n)

u(n)

u(n-1)

u(-n)

u(-n-1)

u(n)

u(n-1)

u(-n)

u(-n-1)

u(n)(1')

u(n)(2')

u(-n)(3')

u(-n)(4')

u(-n-1)(5')

u(-n-1)(6')

u(n-1)(7')

u(n-1)(8')

u(n)

u(n)

u(n-1)

u(-n)

u(n-1)

u(-n)

u(-n-1)

u(-n-1)

(1')

(5')

(7')

(3')

(1'')

(5'')

(7'')

(3'')

(2')

(6')

(8')

(4')

(2'')

(6'')

(8'')

(4'')

(1')  (n+1)
(2') -(n+1)
(3')  (n-1)
(4') -(n-1)
(5')  (n+1)
(6') -(n+1)
(7')  (n-1)
(8') -(n-1)

(1'')  (n-1)
(2'') -(n-1)
(3'')  (n+1)
(4'') -(n+1)
(5'')  (n-1)
(6'') -(n-1)
(7'')  (n+1)
(8'') -(n+1)

C Shifting fromShifted Sequence 1

to Shifted Sequence 2



(x)             (x')
(1)~(8)               (1')~(8')

Inter-permutation

u(-n-1)

u(n-1)

u(-n-1)(5)

(7)

(6)

u(n-1)(8)

u(n)

u(-n)

u(n)(1)

(3)

(2)

u(-n)(4)

u(-n-1)

u(n-1)

u(-n-1)(5')

(7')

(6')

u(n-1) (8')

u(n)

u(-n)

u(n)(1')

(3')

(2')

u(-n) (4')

(1) (2) 

(8) 

(4) 

(1') (2') 

(8') 

(4') 

u(n) u(n)

u(n-1)

u(-n)

u(n) u(n)

u(n-1)

u(-n)

(7) 

(3) 

u(n-1)

u(-n)

(7') 

(3') 

u(n-1)

u(-n)

(5) 

u(-n-1)

(6) 

u(-n-1)

(5') 

u(-n-1)

(6') 

u(-n-1)

(2)

(6)

(8)

(4)

(2')

(6')

(8')

(4')

(1)

(5)

(7)

(3)

(1')

(5')

(7')

(3')

A Shifting Shifted Sequence 1



(1) (2) 

(8) 

(4) 

(1'') (2'') 

(8'') 

(4'') 

u(n) u(n)

u(n-1)

u(-n)

u(n) u(n)

u(n-1)

u(-n)

(7) 

(3) 

u(n-1)

u(-n)

(7'') 

(3'') 

u(n-1)

u(-n)

(5) 

u(-n-1)

(6) 

u(-n-1)

(5'') 

u(-n-1)

(6'') 

u(-n-1)

(x)             (x'')
(1)~(8)               (1'')~(8'')

Inter-permutation

u(-n-1)

u(n-1)

u(-n-1)(5)

(7)

(6)

u(n-1)(8)

u(n)

u(-n)

u(n)(1)

(3)

(2)

u(-n)(4)

u(-n-1)

u(n-1)

u(-n-1)(5'')

(7'')

(6'')

u(n-1) (8'')

u(n)

u(-n)

u(n)(1'')

(3'')

(2'')

u(-n) (4'')

(2)

(6)

(8)

(4)

(2'')

(6'')

(8'')

(4'')

(1)

(5)

(7)

(3)

(1'')

(5'')

(7'')

(3'')

B Shifting Shifted Sequence 2



Decomposing Shift Operations 

( exponent shift, range sift )

( exponent shift,   identity  )

( identity,           range shift )

= ( exponent shift,   identity  )
+ ( identity,           range shift )



A Shifting
(1) Exponent Shifting
(2) Range Shifting

B Shifting
(1) Exponent Shifting, Flipping
(2) Range Shifting

Shifted Sequence 1 Shifted Sequence 2

(SR, id) + (id, SR) = (SR, SR)
(SL, id) + (id, SL) = (SL, SL)

(SR, id) + (id, SL) = (SR, SL)
(SL, id) + (id, SR) = (SL, SR)



(5)

(7)

(1)

(3)

(5')

(7')

(1')

(3')

u(-n-1)

u(n-1)

(5)

(7)

u(n)

u(-n)

(1)

(3)

u(-n-1)

u(n-1)

(5')

(7')

u(n)

u(-n)

(1')

(3')

n ← n+1

n ← n-1

(6)

(8)

(2)

(4)

(6')

(8')

(2')

(4')

u(-n-1)(6)

u(n-1)(8)

u(n)(2)

u(-n)(4)

u(-n-1) (6')

u(n-1) (8')

u(n) (2')

u(-n) (4')

u(-n-1)

u(n-1)

u(-n-1)(5)

(7)

(6)

u(n-1)(8)

u(n)

u(-n)

u(n)(1)

(3)

(2)

u(-n)(4)

u(-n-1)

u(n-1)

u(-n-1)(5')

(7')

(6')

u(n-1) (8')

u(n)

u(-n)

u(n)(1')

(3')

(2')

u(-n) (4')

Exponent Shifts : (SR, id) or (SL, id)

Range Shifts : (id, SR) or (id, SL)

Exponent & Range Permutations

(SR, id) or (SL, id)
(id, SR) or (id, SL)

SR

SL

n ← n+1

n ← n-1

SR

SL

n ← n+1

n ← n-1

SR

SL

n ← n+1

n ← n-1

SR

SL

SR

SR

SR

SR

n ← n-1 n ← n-1

n ← n-1 n ← n-1

SR

SR

SR

SR

n ← n-1 n ← n-1

n ← n-1 n ← n-1

Decomposition
(EP, RP) = (EP, id) + (id, RP)

EP : Exponent Permuations
RP : Range Permutations

A Shifting
(1) Exponent Shifting
(2) Range Shifting

Shifted Sequence 1



(5)

(7)

(1)

(3)

(5'')

(7'')

(1'')

(3'')

u(-n-1)

u(n-1)

(5)

(7)

u(n)

u(-n)

(1)

(3)

u(-n-1)

u(n-1)

(5'')

(7'')

u(n)

u(-n)

(1'')

(3'')

SR

SL

SR

SL

(6)

(8)

(2)

(4)

(6'')

(8'')

(2'')

(4'')

u(-n-1)(6)

u(n-1)(8)

u(n)(2)

u(-n)(4)

u(-n-1) (6'')

u(n-1) (8'')

u(n) (2'')

u(-n) (4'')

SR

SL

SR

SL

u(-n-1)

u(n-1)

u(-n-1)(5)

(7)

(6)

u(n-1)(8)

u(n)

u(-n)

u(n)(1)

(3)

(2)

u(-n)(4)

u(-n-1)

u(n-1)

u(-n-1)(5'')

(7'')

(6'')

u(n-1) (8'')

u(n)

u(-n)

u(n)(1'')

(3'')

(2'')

u(-n) (4'')

Exponent Shifts : (SR, id) or (SL, id)

Range Shifts : (id, SR) or (id, SL)

Exponent & Range Permutations

SR SRSR

SR SRSL

SR

SR

n ← n-1

n ← n+1

n ← n-1

n ← n+1

n ← n-1

n ← n+1

n ← n-1

n ← n+1

n ← n-1 n ← n-1

n ← n-1 n ← n-1

n ← n-1 n ← n-1

n ← n-1 n ← n-1

Decomposition
(EP, RP) = (EP, id) + (id, RP)

EP : Exponent Permuations
RP : Range Permutations

B Shifting
(1) Exponent Shifting, Flipping
(2) Range Shifting

Shifted Sequence 2
(SR, id) or (SL, id)
(id, SR) or (id, SL)



u(-n-1)

u(n-1)

u(-n-1)(5)

(7)

(6)

u(n-1)(8)

u(n)

u(-n)

u(n)(1)

(3)

(2)

u(-n)(4)

u(-n-1)

u(n-1)

u(-n-1)(5')

(7')

(6')

u(n-1) (8')

u(n)

u(-n)

u(n)(1')

(3')

(2')

u(-n) (4')

u(-n-1)

u(n-1)

u(-n-1)(5)

(7)

(6)

u(n-1)(8)

u(n)

u(-n)

u(n)(1)

(3)

(2)

u(-n)(4)
u(-n-1)

u(n-1)

u(-n-1)(5'')

(7'')

(6'')

u(n-1) (8'')

u(n)

u(-n)

u(n)(1'')

(3'')

(2'')

u(-n) (4'')

(1)

(2)

(3) (3)
SR SR

n ← n-1 n ← n-1

n ← n+1

n ← n-1
SR

SL

X X'

Y Y'

Exponent Range

(1)

(2)

(3) (3)
SR

SL

n ← n-1

n ← n+1 SR SR

n ← n-1 n ← n-1

X X''

Y Y''

Exponent Range

(SR, id) + (id, SR) = (SR, SR)
(SL, id)  + (id, SL) = (SL, SL)

A Shifting
(1) Exponent Shifting
(2) Range Shifting

Shifted Sequence 1

(SR, id) + (id, SL) = (SR, SL)
(SL, id) + (id, SR) = (SL, SR)

B Shifting
(1) Exponent Shifting
(2) Range Shifting

Shifted Sequence 2



u(-n-1)

u(n-1)

u(-n-1)(5)

(7)

(6)

u(n-1)(8)

u(n)

u(-n)

u(n)(1)

(3)

(2)

u(-n)(4)

u(-n-1)

u(n-1)

u(-n-1)(5')

(7')

(6')

u(n-1) (8')

u(n)

u(-n)

u(n)(1')

(3')

(2')

u(-n) (4')

(SR, SR)

(SR, id)

(id, SR)

(SL, SL)

(SL, id)

(id, SL)

shift right exponent

shift right range

shift left exponent

shift left range

(SR, id) + (id, SR) = (SR, SR)
(SL, id) + (id, SL) = (SL, SL)

(SR, id)

(id, SR)

(SL, id)

(id, SL)

(1)

(2)

(3) (3)
SR SR

n ← n-1 n ← n-1

n ← n+1

n ← n-1
SR

SL

X X'

Y Y'

Exponent Range

A Shifting
(1) Exponent Shifting
(2) Range Shifting

Shifted Sequence 1
(SR, id) + (id, SR) = (SR, SR)
(SL, id)  + (id, SL) = (SL, SL)



u(-n-1)

u(n-1)

u(-n-1)(5)

(7)

(6)

u(n-1)(8)

u(n)

u(-n)

u(n)(1)

(3)

(2)

u(-n)(4)

(1)

(2)

(3) (3)

(SL, SR)

(SL, id)

(id, SR)

(SR, SL)

(SR, id)

(id, SL)

shift right exponent

shift right range

shift left exponent

shift left range

u(-n-1)

u(n-1)

(5'')

(7'')

u(n)

u(-n)

(1'')

(3'')

u(-n-1) (6'')

u(n-1) (8'')

u(n) (2'')

u(-n) (4'')

(SL, id) + (id, SR) = (SL, SR)
(SR, id) + (id, SL) = (SR, SL)

SR

SL

n ← n-1

n ← n+1 SR SR

n ← n-1 n ← n-1

(SL, id)

(SR, id)

(id, SR)

(id, SL)

X X''

Y Y''

Exponent Range

B Shifting
(1) Exponent Shifting
(2) Range Shifting

Shifted Sequence 2
(SR, id) + (id, SL) = (SR, SL)
(SL, id) + (id, SR) = (SL, SR)





(1) (2)

(5) (6)

(7) (8)

(3) (4)

*a ←

/a →

*z ⇒

/z ⇐

(SL, id)

(SL, SL)

(SR, SR)

(SR, id)

*a ←

/a →

*z ⇒

/z ⇐

(SL, id)

(SL, SL)

(SR, SR)

(SR, id)

/a ←

*a →

*z ⇒

/z ⇐

(SL, id)

(SL, SL)

(SR, SR)

(SR, id)

/a ←

*a →

*z ⇒

/z ⇐

(SL, id)

(SL, SL)

(SR, SR)

(SR, id)

SL

SR

SL

SR

SL

SR

SL

SR

(*) unit
starting

(*) unit
starting

unit
starting

unit
starting

(*) C.R.
starting

(*) C.R.
starting

C.R.
starting

C.R.
starting

(1')

(5')

(7')

(3')

(2')

(6')

(8')

(4')

(Exp Shift, Range Shift) 

Butterfly Relations

(1)

(2)

(3) (3)
SR SR

n ← n-1 n ← n-1

n ← n+1

n ← n-1
SR

SL

X X'

Y Y'

Exponent Range

Unshifted 
Sequence

Shifted 
Sequence 1x x'

A Shifting Shifted Sequence 1



(1) (2)

(5) (6)

(7) (8)

(3) (4)

(SL, id)

(SR, id)

(SL, id)

(SR, id)

(SL, id)

(SR, id)

(SL, id)

(SR, id)

SL

SR

SL

SR

SL

SR

SL

SR

(1')

(5')

(7')

(3')

(2')

(6')

(8')

(4')

Butterfly Relations

(id, SR)

(id, SL)

(id, SR)

(id, SL)

(id, SR)

(id, SL)

(id, SR)

(id, SL)

(SR2, SR)

(SL2, SL)

(SR2, SR)

(SL2, SL)

(SR2, SR)

(SL2, SL)

(SR2, SR)

(SL2, SL)

(SL, id) (SL, id)

(SL, id) (SL, id)

(SR, id) (SR, id)

(SR, id) (SR, id)

(1)

(2)

(3) (3)
SR SR

n ← n-1 n ← n-1

n ← n+1

n ← n-1
SR

SL

X X'

Y Y'

Exponent Range

Unshifted 
Sequence

Shifted 
Sequence 1x x'

A Shifting Shifted Sequence 1



(1) (2)

(7) (8)
/a →

*z ⇒ (SR, SR)

(SR, id) *a →

*z ⇒ (SR, SR)

(SR, id)

SL

SR

SL

SR

(1')

(7')

(2')

(8')

(id, SR) (id, SR)

Decomposition of 
Exp and Rng Shifts (1)

(id, SR) + (SR, id) = (SR, SR)

(5) (6)

(3) (4)
/a →

*z ⇒ (SR, SR)

(SR, id) *a →

*z ⇒ (SR, SR)

(SR, id)

SL

SR

SL

SR

(5')

(3')

(6')

(4')

(id, SR) (id, SR)

(1)

(2)

(3) (3)
SR SR

n ← n-1 n ← n-1

n ← n+1

n ← n-1
SR

SL

X X'

Y Y'

Exponent Range

Unshifted 
Sequence

Shifted 
Sequence 1x x'

A Shifting Shifted Sequence 1



(5) (6)

(3) (4)

*a ←

/z ⇐

(SL, id)

(SL, SL)

/a ←

/z ⇐

(SL, id)

(SL, SL)

SL

SR

SL

SR

(5')

(3')

(6')

(4')

(id, SL) (id, SL)

(id, SL) + (SL, id) = (SL, SL)

(1)

(7)

*a ←

/z ⇐

(SL, id)

(SL, SL)

SL

SR

(1')

(7')

(id, SL)

(2)

(8)

/a ←

/z ⇐

(SL, id)

(SL, SL)

SL

SR

(2')

(8')

(id, SL)

Decomposition of 
Exp and Rng Shifts (2)

(1)

(2)

(3) (3)
SR SR

n ← n-1 n ← n-1

n ← n+1

n ← n-1
SR

SL

X X'

Y Y'

Exponent Range

Unshifted 
Sequence

Shifted 
Sequence 1x x'

A Shifting Shifted Sequence 1



(1) (2)

(5) (6)

(7) (8)

(3) (4)

(SR, id)

(SR, id)

(SR, id)

(SR, id)

SL

SR

SL

SR

SL

SR

SL

SR

(1')

(5')

(7')

(3')

(2')

(6')

(8')

(4')

(id, SR) (id, SR)

(id, SR) (id, SR)

(SR2, SR) (SR2, SR)

(SR2, SR) (SR2, SR)

(SR, id) (SR, id)

(SR, id) (SR, id)

(SR, id) + (id, SR) + (SR, id) = (SR2, SR)

Decomposition of 
Exp and Rng Shifts (3)

(1)

(2)

(3) (3)
SR SR

n ← n-1 n ← n-1

n ← n+1

n ← n-1
SR

SL

X X'

Y Y'

Exponent Range

Unshifted 
Sequence

Shifted 
Sequence 1x x'

A Shifting Shifted Sequence 1






